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INVERTIBILITY OF IDEALS IN PRU¨FER EXTENSIONS
CARMELO ANTONIO FINOCCHIARO AND FRANCESCA TARTARONE
Abstract. Using the general approach to invertibility for ideals in ring exten-
sions given by Knebush-Zhang in [9], we investigate about connections between
faithfully flatness and invertibility for ideals in rings with zero divisors.
1. Introduction
It is well-known that in an integral domain D the invertible ideals (i.e. ideals
I for which there exists an ideal J such that IJ = D) are exactly the nonzero
finitely generated ideals that are also locally principal ([3]). In many cases, like for
Noetherian domains, the hypothesis ”finitely generated” can be omitted. For these
domains the invertible ideals are exactly the nonzero locally principal ideals (fact
that is not true in general as it is shown by numerous examples).
In [6] the authors investigate about domains in which fathfully flat ideals are
projective. We recall that in integral domains the notion of projective ideal is
equivalent to the one of invertible ideal ([9, §2, Proposition 2.3]). In general an
invertible ideal is projective but not conversely.
Since in integral domains locally principal ideals coincide with the faithfully
flat ideals ([1, Theorem 8]), the question posed in [6] on the equivalence between
fathfully flat and projective ideals leads to study domains in which nonzero locally
principal ideals are invertible.
To this regard, S. Bazzoni in [2] conjectured that Pru¨fer domains for which the
equivalence “invertible ideal ⇔ locally principal ideal” holds are exactly the ones
with the finite character, i.e. each nonzero element of the domain belongs to finitely
many maximal ideals.
This conjecture was first proved in [8] and then it was extended to a larger class
of domains using the more general concepts of t-ideal and t-finite character (see,
for instance, [5]).
The notion of ideal, in this context, is the one of fractional ideal; so it is related
to the quotient field K of the integral domain D (we recall that a fractional ideal
I is a D-submodule of K such that there exists d ∈ D \ (0) for which dI ⊂ D).
Our aim in this paper is to study the interplay among the concepts of invertible,
faithfully flat and flat ideal in unitary rings A with respect to any their ring ex-
tension B. In this context we will generalize, for instance, the Bazzoni’s conjecture
about invertibility of ideals in Pru¨fer domains, to the so-called Pru¨fer extensions
introduced by M. Knebush and D. Zhang in [9].
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2. flatness in ring extensions
Let A ⊆ B be a ring extension and let S be an A-submodule of B. Following
[9], we say that S is B-regular if SB = B. Moreover, S is B-invertible if there
exists an A-submodule U of B such that SU = A. By [9, §2, Remark 1.10], if
S is B-invertible, then it is B-regular and finitely generated, and U is uniquely
determined; precisely
U = [A :B S] := [A : S] := {x ∈ B : xS ⊆ A}.
More generally, given two A-submodules S, T of B, we set
[S :B T ] := [S : T ] := {x ∈ B : xT ⊆ S}.
It is well-known that a B-regular A-submodule S of B is B-invertible if and only
if it is finitely generated and locally principal [9, §2, Proposition 2.3]. This fact
generalizes the characterization of invertible ideals in integral domains [3, II §5,
Theorem 4]. From now on the term ideal will always mean an integral ideal.
Proposition 2.1. Let A ⊆ B be a ring extension and let a be an ideal of A. Then,
the following conditions are equivalent.
(i) a is B-invertible.
(ii) a is B-regular, finitely generated and flat.
Proof. (i)=⇒(ii). We need only to show that a is flat, i.e., that for any ideal b of A
the canonical map f : a ⊗ b −→ a is injective. By assumption, there are elements
α1, . . ., αn ∈ a and z1, . . ., zn ∈ [A : a] such that 1 =
n∑
i=1
αizi. Take now elements
a1, . . ., am ∈ a, b1, . . ., bm ∈ b such that f(
m∑
j=1
aj ⊗ bj) :=
m∑
j=1
ajbj = 0. Then we
have
m∑
j=1
aj ⊗ bj =
m∑
j=1
aj
(
n∑
i=1
αizi
)
⊗ bj =
n∑
i=1
αi ⊗

 m∑
j=1
(ajzi)bj

 = n∑
i=1
αi ⊗ 0 = 0,
and this proves that f is injective.
(ii)=⇒(i). It suffices to show that a is locally principal. Assume there is a
maximal ideal m of A such that the finitely generated and flat ideal aAm of Am
is not principal. By [10, Lemma 2.1], we have aAmmAm = aAm, thus Nakayama’s
Lemma implies aAm = 0. On the other hand, the fact that a is B-regular implies
Bm = aBm = (aAm)Bm = 0, a contradiction. The proof is now complete. 
Propositon 2.1 generalizes what is already known for ideals in integral domains
(an ideal is invertible if and only if it is flat and finitely generated [11]). Moreover,
note that, with the same notation of Proposition 2.1, a B-invertible ideal of A is
also projective [9, Chapter 2, Proposition 2.3].
Remark 2.2. Let A be a ring.
(a) If a is a faithfully flat ideal of A, then a is locally principal. As a matter of fact,
let m be a maximal ideal of A. If aAm is not principal, then aAm = aAmmAm,
by [10, Lemma 2.1]. Thus
(0) = aAm/amAm = (a/am)(A−m) = Am⊗A(a/am) = Am⊗A(A/m⊗Aa) = (Am⊗AA/m)⊗Aa
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and, since a is faithfully flat, we have that A/m = Am ⊗A A/m = (0), which is
a contradiction.
(b) A locally principal ideal of a ring is not necessarily faithfully flat. For example,
let p 6= q be two fixed prime integers and let A := Z/pqZ. We claim that the
principal ideal i := pA of A is flat but not faithfully flat. Indeed, the equality
A = i ⊕ qA shows that i is projective and a fortiori flat. Moreover, i = i2
and, since i is a maximal ideal of A, it follows that i is not faithfully flat by [3,
Chapter 1, Section 3, Proposition 1].
In Remark 2.2 (b) it is easy to check that the ideal pA is not regular (p itself is
a zero divisor). In the next result we will see that if we assume the B-regularity of
an ideal in an extension B of A, then a locally principal ideal is faithfully flat.
Proposition 2.3. Let A ⊆ B be a ring extension and let a be a B-regular ideal of
A. Then, the following conditions are equivalent.
(i) a is faithfully flat.
(ii) a is locally principal.
Proof. (i)=⇒(ii) is Remark 2.2(a).
(ii)=⇒(i). Since a is B-regular, for any maximal ideal m of A, the principal ideal
aAm is generated by an invertible element of BA−m. Thus aAm is BA−m-invertible
and, a fortiori, a flat Am-module. This proves that a is flat. Let m be a maximal
ideal of A. If am = a, then amAm = aAm and, since aAm is BA−m-invertible,
mAm = Am, a contradiction. Thus am 6= a, for any maximal ideal m of A. By [3,
Chapter 1, Section 3, Proposition 1], a is faithfully flat. 
3. Ring extensions with the finite character
Definition 3.1. Let A ⊆ B be a ring extension. We say that the ring extension
A ⊆ B has the finite character if any B-regular ideal a of A is contained in only
finitely many maximal ideals (i.e., the set V (a)∩Max(A) is finite where, as usual,
V (a) is the set of the prime ideals of A containing a).
It easily follows by definition that a ring extension A ⊆ B has the finite character
if and only if any B-regular finitely generated ideal a ofA is contained in only finitely
many maximal ideals of A.
It is easy to see that if A is an integral domain and B is the quotient field of A,
then A ⊆ B has the finite character if and only if A has the finite character.
Let (Ω,≤) be a partially ordered set. We denote by Max≤(Ω) the (possibly
empty) set of all maximal elements of Ω. Two elements x, y ∈ Ω are said to be
comaximal if there does not exist an element m ∈ Ω such that x, y ≤ m. A subset
S of Ω is said to be comaximal if any two elements x, y ∈ S are comaximal. In the
following Theorem 3.2, T. Dumitrescu and M. Zafrullah give conditions on Ω under
which the set of maximal elements greater than a fixed element a ∈ Ω is finite. This
result will be useful in the following to characterize ring extensions A ⊆ B with the
finite character (see Corollary 3.3).
Theorem 3.2. ([4, Theorem 15]) Let (Ω,≤) be a partially ordered set and let Γ
be a nonempty subset of Ω. Assume that the following properties hold.
(a) For any x ∈ Ω there exists a maximal element m ∈ Ω such that x ≤ m.
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(b) If a1, a2 ∈ Γ, b ∈ Ω and a1, a2 ≤ b, there is an element a ∈ Γ such that
a1, a2 ≤ a ≤ b.
(c) If b1, b2 ∈ Ω are comaximal elements, there are comaximal elements a1, a2 ∈ Γ
such that ai ≤ bi, for i = 1, 2.
Then, the following conditions are equivalent.
(i) For any a ∈ Γ, the set {x ∈ Max≤(Ω) : x ≥ a} is finite.
(ii) For any a ∈ Γ, any comaximal subset of Γ consisting of elements ≥ a is finite.
Corollary 3.3. Let A ⊆ B be a ring extension. Then, the following conditions
are equivalent.
(i) The ring extension A ⊆ B has the finite character.
(ii) For any finitely generated and B-regular ideal a of A, each collection of mu-
tually comaximal finitely generated and B-regular ideals containing a is finite.
Proof. Set
Ω := {a ( A : a is a B-regular ideal of A} Γ := {a ∈ Ω : a is finitely generated}
and order Ω by the inclusion ⊆. Now, we claim that assumptions (a), (b) and (c)
of Theorem 3.2 are satisfied by Ω and Γ. Condition (a) follows immediately by
the equality Max⊆(Ω) = Max(A) ∩ Ω, whose proof is straightforward. Now, let
a1, a2 ∈ Γ and let b ∈ Ω such that a1, a2 ⊆ b. Thus a := a1 + a2 is a proper finitely
generated B-regular ideal of A such that a1, a2 ⊆ a ⊆ b, and this proves condition
(b). Now, take comaximal elements b1, b2 ∈ Ω. Then, the B-regular ideal b1 + b2
cannot belong to Ω, i.e., b1 + b2 = A. Pick elements β1 ∈ b1, β2 ∈ b2 such that
1 = β1 + β2. On the other hand, since b1, b2 are B-regular, there are elements
β11, . . ., β1n ∈ b1, β21, . . ., β2m ∈ b2 such that
(β11, . . ., β1n)B = (β21, . . ., β2m)B = B.
Then the ideals b′1 := (β1, β11, . . ., β1n)A ⊆ b1, b
′
2 := (β2, β21, . . ., β2m)A ⊆ b2 are
finitely generated, comaximal and B-regular. This shows that also assumption (c)
in Theorem 3.2 is satisfied. The conclusion is now clear. 
Proposition 3.4. Let A ⊆ B be a ring extension with the finite character. Then
every B-regular and locally finitely generated ideal of A is finitely generated.
Proof. Let a be a B-regular and locally finitely generated ideal of A. By B-
regularity, there exists a finitely generated ideal a0 ⊆ a that is itself B-regular.
By the finite character of the extension A ⊆ B, the set Max(A) ∩ V (a0) is fi-
nite, say Max(A) ∩ V (a0) = {m1, . . .,mr,mr+1, . . .,ms}, where Max(A) ∩ V (a) =
{m1, . . .,mr}. For any i = 1, . . ., r, there is a finitely generated ideal ai ⊆ a such that
aAmi = aiAmi . For j = r+ 1, . . ., s pick an e lement ai ∈ a−mi. Now consider the
(finitely generated) ideal b := a0+a1+. . .+ar+(ar+1, . . ., as)A of A. We claim that
a = b. To prove this, it suffices to show the equality locally. If m ∈ Max(A)−V (a),
then it is easy to infer that aAm = bAm = Am. If m = mi, for some i = 1, . . ., r,
then aiAmi ⊆ bAmi ⊆ aAmi = aiAmi , that is aAmi = bAmi = aiAmi . The proof is
now complete. 
The following result is an immediate consequence of Propositions 2.1, 2.3 and
3.4.
Corollary 3.5. Let A ⊆ B be a ring extension with the finite character. Then,
every B-regular and locally principal ideal of A is B-invertible.
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Lemma 3.6. Let A ⊆ B be a ring extension and let F be a collection of parwise
comaximal B-invertible ideals of A containing a fixed ideal a of A. Consider the
ideal
i := iF :=
{
a ∈ A : a
n∏
i=1
bi ⊆ a, for some b1, . . ., bn ∈ F
}
of A. Then, the following properties hold.
(a) If i is finitely generated, then there is a finite subset G := {b1, . . ., bn} of F such
that
i =
{
a ∈ A : a
n∏
i=1
bi ⊆ a
}
(b) If m is a maximal ideal of A, we have
iAm =
{
aAm if m + b, for any b ∈ F
[a : b0]Am if b0 is the unique ideal in F contained in m
Proof. The idea of the argument we are giving will follow, mutatis mutandis, the
pattern of [5, Lemma 1.10].
If i := (x1, . . ., xn)A and Fi ⊆ F is a finite set of ideals such that xi
∏
b∈Fi
b ⊆ a,
then it suffices to take G :=
⋃n
i=1 Fi. Thus (a) is clear.
(b). Let m be a maximal ideal of A. First, assume that none of the ideals in
F is contained in m. Since clearly a ⊆ i, it is enough to prove that iAm ⊆ aAm.
Consider a fraction x
s
∈ iAm, with x ∈ i, let s ∈ A − m, and let b1, . . ., bn ∈ F be
such that x
∏n
i=1 bi ⊆ a. For i = 1, . . ., n choose elements bi ∈ bi −m. Then
x
s
=
x
∏n
i=1 bi
s
∏n
i=1 bi
∈ aAm
Now assume that there is an ideal b0 ∈ F such that b0 ⊆ m. The fact that the
ideals in F are pairwise comaximal implies that b * m, for any b ∈ F −{b0}. Since
b0 is B-invertible and a ⊆ b0, it follows easily that [a : b0] ⊆ i. Let x, s, b1, . . ., bn
be as before. If b0 6= bi, for any i = 1, . . ., n, then the same argument given above
shows that x
s
∈ aAm ⊆ [a : b0]Am. Assume now that b0 = bi, for some i. Set
p :=
{∏
j 6=i bj if {b1, . . ., bn} − {b0} 6= ∅
1 otherwise
where, as before, bj ∈ bj −m, for j 6= i. Thus xpb0 ⊆ a, that is
x
s
=
xp
sp
∈ [a : b0]Am
The proof is now complete. 
4. Pru¨fer extensions
In this section we use terminology and notation of [9]. For the reader convenience,
we give the basic definitions that are used in the following.
Let R be a ring, (Γ,≤) be a (additive) totally ordered abelian group and ∞ /∈ Γ
be an element satisfying, by convention, γ < ∞, γ ±∞ := ∞, for any γ ∈ Γ. A
Manis valuation on R is a map v : R→ Γ∪{∞} satisfying the following conditions:
• v(R)− {∞} is a group.
• v(rs) = v(r) + v(s), for each r, s ∈ R.
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• v(r + s) ≥ min{v(r), v(s)}, for each r, s ∈ R.
• v(0) =∞.
A Manis valuation subring A of R is a subring of R for which there exists
a Manis valuation v on R with A = Av := {r ∈ R : v(r) ≥ 0}. Moreover,
p := {r ∈ R : v(r) > 0} is a prime ideal of Av and (Av, pv) is called a R-Manis pair
(or a Manis pair in R).
For the reader convenience, we recall now the notion of generalized localization
of a ring in an extension. Let A ⊆ B be a ring extension, and let p be a prime ideal
of A. Let j : B −→ BA\p denote the usual localization map. Then the generalized
localization of A at p in B is the subring A[p] := j
−1(Ap) of B ([9, p. 18]). If A is
an integral domain with quotient field K (in this case K plays the role of B) and p
is a prime ideal of A, then the generalized localization of A at p in K is the usual
localization Ap.
Definition 4.1. ([9]) Let A ⊆ B be a ring extension. We say that A is weakly
surjective in B if Am = BA−m, for any maximal ideal m of A such that mB 6= B.
We say that A is Pru¨fer in B or that A ⊆ B is a Pru¨fer extension if (A[m],m[m]) is
a Manis pair in B, for any maximal ideal m of A.
We observe that in the case A is an integral domain and B is its quotient field,
the ring extension A ⊆ B is always weakly surjective.
We recall that one of the many characterizations of Pru¨fer domains says that
an integral domain is Pru¨fer if and only if every nonzero finitely generated ideal is
invertible ([7]).
The following theorem is a natural extension of the above result.
Theorem 4.2. ([9, Chapter 2, Theorem 2.1]) For a ring extension A ⊆ B, the
following conditions are equivalent.
(i) A is Pru¨fer in B.
(ii) A is weakly surjective in B and every finitely generated and B-regular ideal of
A is B-invertible.
Definition 4.3. Let A ⊆ B be a ring extension. We say that A is almost Pru¨fer
in B (or that A ⊆ B is an almost Pru¨fer extension) if every finitely generated
B-regular ideal of A is B-invertible.
As it is shown in the following Example 4.4, the weakly surjectivity of an exten-
sion A ⊆ B and the property that every finitely generated and B-regular ideal of
A is B-invertible are independent.
Example 4.4. Let K be a field. Identify K with a subring of K2 via the diagonal
embedding x 7→ (x, x). Then K is almost Pru¨fer on K2, but it is not Pru¨fer in K2,
since K is not weakly surjective in K2, as it is easily seen.
Example 4.4 shows that the class of Pru¨fer ring extensions is properly contained
in the class of almost Pru¨fer extensions.
In Proposition 2.3 we show that, given a ring extension A ⊆ B, a B-regular
ideal of A is faithfully flat if and only if it is locally principal. Thus, we extend and
prove Bazzoni’s conjecture to almost Pru¨fer ring extensions. We will see that in the
following Theorem the weakly surjective property of a ring extension A ⊆ B is not
needed to prove the statement. Thus, in this case, the notion of Pru¨fer extension
is too strong and we deal with almost Pru¨fer extensions.
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Theorem 4.5. Let A ⊆ B be an almost Pru¨fer extension. Then, the following
conditions are equivalent.
(i) Every B-regular and locally principal ideal of A is B-invertible.
(ii) The extension A ⊆ B has the finite character.
Proof. The implication (ii)=⇒(i) is Corollary 3.5 and holds without requiring that
A ⊆ B is almost Pru¨fer.
(i)=⇒(ii). Let a be a finitely generated and B-regular ideal of A, and let F
be a collection of mutually comaximal finitely generated and B-regular ideals of A
containing a. In view of Corollary 3.3, it suffices to prove that F is finite. Consider
the ideal of A defined in Lemma 3.6:
iF :=
{
x ∈ A : x
n∏
i=1
bi ⊆ a, for some b1, . . ., bn ∈ F
}
.
First note that iF is B-regular, since a is B-regular and a ⊆ iF . Since A ⊆ B is an
almost Pru¨fer extension, a and all ideals in F are B-invertible. In particular, for
any ideal b ∈ F , the ideal [a : b] is B-invertible. Keeping in mind Lemma 3.6(b),
it follows that the B-regular ideal iF is locally principal and thus, by condition
(i), it is B-invertible and, a fortiori, finitely generated. By Lemma 3.6(a), we can
pick finitely many ideals b1, . . ., bn ∈ F such that iF = {x ∈ A : x
∏n
i=1 bi ⊆ a}.
If F = {b1, . . ., bn} we have done. Otherwise, take a (B-invertible) ideal b ∈
F − {b1, . . ., bn}. Since a[A : b]b = a, we have a[A : b] ⊆ iF , and thus a[A :
b]
∏n
i=1 bi ⊆ a. Since a is B-invertible, last inclusion implies [A : b]
∏n
i=1 bn ⊆ A,
and thus
∏n
i=1 bi ⊆ b. Since b is comaximal with each bi, there is an ideal c ⊆ b
such that
A =
n∏
i=1
(b+ bi) =
n∏
i=1
bi + c ⊆ b+ c ⊆ b ⊆ A.
This shows that F − {b1, . . ., bn} ⊆ {A}. Thus F is finite and, by Corollary 3.3,
the result is completely proved. 
Let A be a commutative ring with identity and let T (A) be the total quotient
ring of A. An element a ∈ A is said to be regular if it is not a zero divisor, and an
ideal of A is said to be regular if it contains a regular element. Recall that A is a
Pru¨fer ring if every finitely generated regular ideal of A is invertible. Clearly, an
ideal a of A is regular if and only if a is T (A)-regular; a is invertible if and only if a
is T (A)-invertible; and the extension A ⊆ T (A) has the finite character if and only
if every regular element of A is contained in only finitely many maximal ideals of
A (i.e., A has the finite character). Thus, by Theorem 4.5, we have
Corollary 4.6. Let A be a Pru¨fer ring. Then every regular locally principal ideal
of A is invertible if and only if A has the finite character.
The authors would like to thank the referee for her/his careful reading and for
some substantial comments.
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